Abstract. A unified formulation of Gronwall's inequality (GI) for certain Stieltjes integrals is presented. An advantage in using Stieltjes integrals lies in the fact that some of the "continuous" and "discrete" versions of the inequality may be obtained as a consequence of the same theorem.
We are concerned here with an extension of the classical GI [2, p. 35 ] to a form which includes most of the Stieltjes formulations of the latter and a more general result of J. V. Herod [3] . We will essentially be following the treatment given in [3] wherein an abstract GI was formulated (Lemma 1 below) generalizing some previous work of Schmaedeke and Sell [10] . In the latter the mean Stieltjes integral (MSI) and the Dushnik or interior integral (DI) (see e.g. [10] and references therein) provided a more general framework than the natural Riemann-Stieltjes integral (RSI), since it allowed the possibility of discontinuous integrands. A sharp version of the GI was given by Jones [4] using RSI. Use of the Lebesgue-Stieltjes integral provided Pandit [8, p. 323 ] with a tool for the reformulation of GI with the scope of applying the latter to continuous and discrete phenomena (cf. also [4] ). F. V. Atkinson [1, p. 455 ] also gave an extension of GI using the left Cauchy-Stieltjes integral (CSI) (cf. e.g. [9] ). Though the result was not sharp in general it provided, as such, a useful tool for the basic study of Volterra-Stieltjes integral equations. Moreover a discrete version could again be obtained by choosing the distribution function appropriately [6] , [8] .
Our aim is to provide a more general GI (Theorem 1 below) the form of which was prompted by Pachpatte [7] .
1. In the sequel all functions will be real-valued, defined on an interval S = [0, A], say, and a, n will denote, unless otherwise specified, right-continuous nondecreasing functions on S. We will mainly be following [3] in the use of notation. Thus OB will stand for the collection of functions of bounded variation on S. 1 will denote the constant function whose value is 1 on S whereas 1^ will be the function whose value is 1 at x and zero elsewhere. Finally 0X = 1 -1 ^ for x in S.
As in [3] we let J be a function from OB to the collection of functions from S X S to the real numbers satisfying the following properties: If each of / and g is in OB and {x,y, z} is in S X S X S then for each x in S. Remark 1. The properties of this function m can be found in [3] . In this regard we need only mention that such an m(0,-) is necessarily of bounded variation on S (cf. [3, p. 34, Theorem (iii)]). This lemma is sharp in the sense that equality in (2.1) implies equality in (2.2). Hence a function J which satisfies (l)-(4) "admits" a GI in the sense of Lemma 1. Such a function J will be termed a Gronwall function for simplicity. For the same reason we will call the function m(0,-) whose existence is guaranteed by the lemma a Gronwall majorant. Remark 2. In restricting J to a specific Stieltjes integral we note that the hypotheses on the function / may be relaxed somewhat when a GI is sought for that particular integral. For instance, if J is a MSI it suffices only to require that / be right-continuous and, as we saw earlier, that o( Remark 3. This result is sharp when ¡i(t) = const on S1 since the right side of (2.4) reduces to the right side of (2.2) in this case.
We obtain the result in [7] by letting o, ¡i both be nonnegative continuously differentiable functions on S and defining J by 7"[/](0, x) = fôfo' ds, etc. The hypotheses on Ja+ along with Lemma 1 imply the existence of a Gronwall majorant n(0,-) such that V(x) < en(0, x) (3.4)
for each x in S. Now inserting (3.4) into (3.2) and making use of (1) we find v(x) < e + eJo[n(0,)](0, x). The conclusion now follows. The author expresses his thanks to the referee for some useful comments and to Professor G. R. Sell for providing some additional references.
